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Abstract

In this paper, we propose the difference splitting scheme for a mixed problem posed for n -
dimensional symmetric t-hyperbolic systems. We construct the difference splitting scheme for
the numerical calculation of stable solutions for this system. To build a difference scheme, a
multidimensional problem is split into one-dimensional ones and solved for each direction. A
discrete analogue of the Lyapunov’s function is constructed for the numerical verification of
stability solutions for the considered problem. A priori estimate is obtained for the discrete ana-
logue of the Lyapunov’s function. This estimate allows us to assert the exponential stability of
the numerical solution. A theorem on the exponential stability solution of the boundary value
problem for linear hyperbolic system was proved. These stability theorems give us the oppor-
tunity to prove the convergence of the numerical solution.
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1 Introduction

We consider the mixed dissipative boundary value problem for a n-dimensional linear hyper-
bolic system with variable coefficients [3]. For this problem, we construct and investigate the
difference splitting scheme in order to obtain stable solutions. A discrete analogue of the Lya-
punov function is constructed and a priori estimate is obtained for difference splitting scheme.
The obtained a-priori estimate allows us to assert the exponential stability of the numerical so-
lution. It should be noted that numerous problems have been devoted to the solution of such
problems (see [1] and references there in). The stability solutions for one-dimensional hyperbolic
systems were studied in the subject of Bastin and Coron ([2]). In the next section, it will be de-
scribed the exponential stability of multidimensional hyperbolic systems. The difference scheme
will be constructed and the stability of this scheme will be proved to find a numerical solution to
the differential problem.

2 Differential Statement of the Problem

In the domain G = {(t, x1, x2, ...xn) : 0 < t ≤ T, 0 < xi < Xi, i = 1, ...n}, we consider a
symmetric hyperbolic system in a special canonical form as follows:

∂v

∂t
+

n∑
i=1

Bi
∂v

∂xi
+ Qv = 0, (1)

with boundary conditions at x1 = 0 :

vI(t, 0, x2, · · · , xn) = svII(t, 0, x2, · · · , xn), (2)

0 < t ≤ T, 0 ≤ xi ≤ Xi, i = 2, · · · , n;

and at x1 = X1 :

vII(t,X1, x2, · · · , xn) = rvI(t,X1, x2, · · · , xn), (3)

0 < t ≤ T, 0 ≤ xi ≤ Xi, i = 2, · · · , n;

and periodicity condition at xi = 0, Xi ; i = 2, · · · , n : is

v(t,x)|xi=0 = v(t,x)|xi=Xi , i = 2, 3, · · · , n, (4)

for 0 < t 6 T, 0 6 xI 6 XI , I = 1, 2, 3, · · · , n; (I 6= i) with initial data at t = 0 given by

v(0,x) = φ(x), x = (x1, · · ·xn), 0 ≤ xi ≤ Xi, i = 1, · · · , n, (5)

where vI = (v1, v2, · · · , vm)T and vII = (vm+1, vm+2, · · · , vq)T, are vectors to be determined;
B1(x1) is a diagonal matrix; Bi(x1) = B∗i (x1), i = 2, · · · , n are symmetric matrices; Q(x1) is
a square matrix of dimension q× q, as well as φ(x) = (ϕ1(x), ϕ2(x), · · · , ϕq(x))

T - are given vector
function. Let the entities be given in the form

v =

[
vI

vII

]
, B1(x1) =

(
B+

1 (x1) 0
0 −B−1 (x1)

)
,
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where
B+

1 (x1) = diag (b1(x1), b2(x1), ..., bm(x1)) ,

B−1 (x1) = diag (bm+1(x1), bm+2(x1), ..., bq(x1)) ,

with
b1(x1) ≥ ... ≥ bm(x1) > 0 ≥ −bm+1(x1) ≥ ... ≥ −bq(x1),

and s is a matrix of the size (q −m)×m, r is a matrix of orderm× (q −m).

Definition 2.1. (Exponential stability). The system (1) with boundary conditions (2) - (4) is exponen-
tially stable in the L2 -norm if there exists such ν > 0 and c > 0 that for any initial condition φ ∈ L2

(0 6 xi 6 Xi, i = 1, · · · , n ; Rq), the L2 -solution of the mixed problem (1) - (5) satisfies the inequality

‖v(t, ·)‖L2(06xi6Xi, i=1,··· ,n;Rq) 6 ce−νt ‖φ‖L2(06xi6Xi, i=1,··· ,n;Rq) for t > 0. (6)

We construct the Lyapunov’s function in the form:

L(t) =

X∫
0

(µ(x1)v,v)dx

=

∫ Xn

0

· · ·
∫ X1

0

(µ(x1)v,v) dx1 · · · dxn

=

∫ Xn

0

· · ·
∫ X1

0

{
m∑
i=1

µie
−νx1 [vi(t,x)]

2
+

q∑
i=m+1

µie
νx1 [vi(t,x)]

2

}
dx1 · · · dxn, (7)

where

µi > 0,

i = 1, . . . , q,

µ+ = diag(µ1, . . . , µm),

µ− = diag(µm+1, . . . , µq),

µ(x1) =

(
e−νx1µ+ 0

0 eνx1µ−

)
.

Theorem 2.1. (Exponential stability). The system (1) with the boundary conditions (2) - (4) is expo-
nentially stable in the L2 -norm if there exists ν > 0 and µi > 0, i = 1, . . . , q such that the following
matrices (

B+
1 (X1) 0

0 B−1 (0)

)(
e−νX1µ+ 0

0 µ−

)
−

(
0 r
s 0

)(
B+

1 (0) 0
0 B−1 (X1)

)(
µ+ 0
0 eνX1µ−

)(
0 s
r 0

)
, (8)

and

ν |B1(x1)|µ(x1)−B
′

1(x1)µ(x1), x1 ∈ (0, X1), (9)

are positive definite, as well as form (µ(x1)Qv,v) > 0.
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Proof. We calculate the derivative of the Lyapunov function:

L′(t) =

∫ Xn

0

· · ·
∫ X1

0

∂t (µ(x1)v,v) dx1 · · · dxn

= −
∫ Xn

0

· · ·
∫ X1

0

[(µ(x1)B1(x1)∂x1v,v) + (µ(x1)v,B1(x1)∂x1v)] dx1 · · · dxn

+

∫ Xn

0

· · ·
∫ X1

0

n∑
i=2

{(µ(x1)Bi(x1)∂xiv,v) + (µ(x1)v,Bi(x1)∂xiv)}dx1 · · · dxn

−
∫ Xn

0

· · ·
∫ X1

0

[(µ(x1)Qv,v) + (µ(x1)v,Qv)] dx1 · · · dxn.

Here we used the equations (1), since

(µ(x1)B1(x1)∂x1
v,v) = (∂x [µ(x1)B1(x1)v] ,v)− (µ′(x1)B1(x1)v,v)− (µ(x1)B′1(x1)v,v) ,

and
µ′(x1)B1(x1) = −ν |B1(x1)|µ(x1),

we have the following identity:

L′(t) =−
∫ Xn

0

· · ·
∫ X2

0

(B1(x1)µ(x1)v,v)|X1

0 dx2 · · · dxn

−
∫ Xn

0

· · ·
∫ X1

0

([ν |B1(x1)|µ(x1)−B′1(x1)µ(x1)]v,v) dx1 · · · dxn

− 2

∫ Xn

0

· · ·
∫ X1

0

(µ(x1)Qv,v) dx1 · · · dxn.

Using the periodicity of the boundary conditions, we obtained∫ Xn

0

· · ·
∫ X3

0

∫ X1

0

(B2(x1)µ(x1)v,v)|X2

0 dx1dx3 · · · dxn = 0,

...∫ Xn−1

0

· · ·
∫ X1

0

(Bn(x1)µ(x1)v,v)|Xn0 dx1 · · · dxn−1 = 0.

Now, transform separately each term of the penultimate then we obtained identity:

− (B1(x1)µ(x1)v,v)|X1

0 < 0.

Here y = (x2, · · · , xn)T according to (9), we have

−
∫ Xn

0

· · ·
∫ X1

0

([ν |B1(x1)|µ(x1)−B′1(x1)µ(x1)]v,v) dx1 · · · dxn−

2

∫ Xn

0

· · ·
∫ X1

0

(µ(x1)Qv,v) dx1 · · · dxn < 0.
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Taking into account these transformations, we obtain

L′(t) =−
∫ Xn

0

· · ·
∫ X2

0

(B1(x1)µ(x1)v,v)|X1

0 dx2 · · · dxn

−
∫ Xn

0

· · ·
∫ X1

0

([ν |B1(x1)|µ(x1)−B′1(x1)µ(x1)]v,v) dx1 · · · dxn

− 2

∫ Xn

0

· · ·
∫ X1

0

(µ(x1)Qv,v) dx1 · · · dxn < 0.

Since the matrices (9) and ν |B1(x1)|µ(x1) are positive definite for any x1, we get following in-
equality ∫ Xn

0

· · ·
∫ X1

0

([ν |B1(x1)|µ(x1)−B′1(x1)µ(x1)]v,v) dx1 · · · dxn+

2

∫ Xn

0

· · ·
∫ X1

0

(µ(x1)Qv,v) dx1 · · · dxn >∫ Xn

0

· · ·
∫ X1

0

(ν |B1(x1)|µ(x1)v,v) dx1 · · · dxn >

bν

∫ Xn

0

· · ·
∫ X1

0

(µ(x1)v,v) dx1 · · · dxn

where b = min
16i6n

06x16X1

|bi(x1)| and for any vector v ∈ Rq we have

L′(t) < −νb
∫ Xn

0

· · ·
∫ X1

0

(µ(x1)v,v) dx1 · · · dxn = −ηL(t), η = νb.

Hence,
L(t) 6 e−ηtL(0), t > 0.

However, there is such a constant γ > 0 such that

1

γ
‖v(t, ·)‖2L2(06xi6Xi, i=1,··· ,n ;Rq) 6 L(t) 6 γ ‖v(t, ·)‖2L2(06xi6Xi, i=1,··· ,n ;Rq) ,

‖v(t, ·)‖2L2(06xi6Xi, i=1,··· ,n ;Rq) =

∫ Xn

0

· · ·
∫ X1

0

(v,v) dx1 · · · dxn,

then we obtain

‖v(t, ·)‖L2(06xi6Xi, i=1,··· ,n ;Rq) 6 γe−ηt/2 ‖φ‖L2(06xi6Xi, i=1,··· ,n ;Rq) , t ∈ [0,+∞).
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3 The Difference Scheme

In the domain G, construct the difference grid

Gh = {(tκ, xji ) : 0 6 tκ 6 T, 0 6 xji 6 Xi} :

where
tκ = κ∆ t, κ = 0, . . . , Nt; Nt ∆ t = T, xji = (ji +

1

2
)∆xi,

Ji∆xi = Xi; ji = 0, . . . , Ji − 1; i = 1, · · · , n;

and denote the value of the numerical solution at the nodal points by

vκj =

n∏
i=1

1

∆xi

∫ x
jn+1

2
n

x
jn− 1

2
n

· · ·
∫ x

j1+ 1
2

1

x
j1−

1
2

1

v(tκ,x)dx,

where

ji = 0, . . . , Ji − 1; i = 1, . . . , n; x = (x1, · · · , xn) ; dx = dx1 · · · dxn; j = j1 · · · jn .

For the numerical solution of the mixed problem (1) - (5), we suggest the difference splitting
scheme[ (

vI
1

)κ
j(

vII
1

)κ
j

]
=

[ (
vI)κ

j(
vII)κ

j

]
− ∆t

∆x1

[ (
B+

1

)
j1−1

0

0
(
B−1
)
j1+1

][ (
vI)κ

j
−
(
vI)κ

j1−1(
vII)κ

j
−
(
vII)κ

j1+1

]
, (10)

(vi+1)
κ
j = (vi)

κ
j −

∆t

∆xi+1

[ (
B+
i+1

)
j1

0

0
(
B−i+1

)
j1

][ (
vI
i

)κ
j
−
((
vI
i

))κ
ji−1(

vII
i

)κ
j
−
(
vII
i

)κ
ji+1

]
; i = 1, · · · , n− 1;

where

vκ+1
j = (vn)

κ
j −∆tQ (vn)

κ
j . (11)

(
vI)κ

j1±1
=
(
vI)κ

j1±1,j2,··· ,jn
;
(
vII)κ

j1±1
=
(
vII)κ

j1±1,j2,··· ,jn
;(

B±1
)
j1∓1

=
(
B±1
)
j1∓1,j2,··· ,jn

; (vi)
κ
ji±1 = vκj1···ji−1ji±1,ji+1···jn ;

Bi =

(
B+
i 0

0 −B−i

)
, B±i > 0; ji = 0, . . . , Ji − 1; κ = 0, . . . , N − 1.

The initial conditions (5) are approximated as follows:

v0
j =

n∏
i=1

1

∆xi

∫ x
jn+1

2
n

x
jn− 1

2
n

· · ·
∫ x

j1+ 1
2

1

x
j1−

1
2

1

φ(x)dx, ji = 0, . . . , Ji − 1, i = 1, . . . , n, (12)
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and the boundary conditions are approximated in this way:( (
vI)κ+1

−1,j(
vII)κ+1

J1,j

)
=

(
0 s
r 0

)( (
vI)κ+1

J1−1,j(
vII)κ+1

0,j

)
,

(
vI
i

)κ
0

=
(
vI
i

)κ
Ji−1

,
(
vII
i

)κ
1

=
(
vII
i

)κ
Ji

; κ = 0, · · · , N − 1; j = j2 · · · jn ; i = 1, · · · , n. (13)

Suppose that the condition of the CFL ∆t
∆x1

max
16k6q

06j16J1−1

∣∣∣(bk)j1

∣∣∣ 6 1, ∆t
∆xi

max
26i6n
16k6q

06j16J1−1

∣∣λk(B±i )j1
∣∣ 6 1

holds. Here (bk)j1 = bk(xj11 ), (B±i )j1 = B±i

(
xj11

)
and λk(B±i )j1 - are the eigenvalues of the

matrix
(
B±i
)
j1
. Now, we investigate the exponential stability for the solution of the difference

problem (10) - (13).

Definition 3.1. The difference scheme (10) - (12) with the difference boundary condition (13) is exponen-
tially stable if there exist constants η > 0 and c > 0 such that for any initial condition

v0
j ∈ L2

({
xjii

}
, i = 1, · · · , n; ji = 0, · · · Ji − 1;Rq

)
,

the solution of the difference boundary value problem (10) - (13) satisfies the equality

n∏
i=1

∆xn ·
n∏
i=1

Ji−1∑
ji=1

(
vκj ,v

κ
j

)
6 e−ηtκ

n∏
i=1

∆xn ·
n∏
i=1

Ji−1∑
ji=1

(
v0
j ,v

0
j

)
, κ = 1, . . . , N.

Consider the difference boundary-value problem (10) - (13) with the stationary solution

vκj = 0, κ = 0, . . . , N − 1; ji = 0, . . . , Ji − 1; i = 1, . . . , n.

In order to prove the stability of the difference boundary-value problem (11) - (13), we propose the following
function as the discrete Lyapunov function

L(vκ) = Lκ =

n∏
i=1

∆xi ·
n∏
i=1

Ji−1∑
ji=1

(
vκj , µj1v

κ
j

)
, (14)

where
µj1 = µ(xj1),

j1 = 1, · · · , J1 − 1,

n∏
i=1

∆xi = ∆x1 · · ·∆xn,

n∏
i=1

Ji−1∑
ji=1

(
vκj , µj1v

κ
j

)
=

J1−1∑
j1=1

· · ·
Jn−1∑
jn=1

(
vκj , µj1v

κ
j

)
,

µj1 =

(
e−νx

j1
1 µ+ 0

0 eνx
j1
1 µ−

)
.
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Theorem 3.1. Let T > 0 and the discrete Lyapunov function is defined by (14). If the condition of CFL

∆t

∆x1
max

16k6q
06j16J1−1

∣∣∣(bk)j1

∣∣∣ 6 1,
∆t

∆x1
max

26i6n
16k6q

06j16J1−1

∣∣λk(B±i )j1
∣∣ 6 1,

holds, and there exist real numbers ν > 0 and µi > 0, i = 1, . . . , n, such that 0 < η ≡ ναe−ν∆x1−β < 1,
where

α =
∆t

∆x1
max

16k6q
06j16J1−1

∣∣∣(bk)j1

∣∣∣ ,
β = max

16k6q
06j16J1−1

∣∣∣(b′k)j1

∣∣∣ ,
2(Qj1u

κ
j , µj1u

κ
j )−∆t(Qj1u

κ
j , µjQj1u

κ
j ), j1 = 0, . . . , J1 − 1,

are non-negative, and[
µ+e−νx

J1
1 (B1)

+
J1−1 0

0 µ−eνx
−1
1 (B1)

−
0

]
−
(

0 r
s 0

)[
µ+e−νx

0
1 (B1)

+
−1 0

0 µ−eνx
J1−1
1 (B1)

−
J1

](
0 s
r 0

)
,

is a positive definite matrix, then the numerical solution vκj of the difference boundary value problem (11)
- (14) converges to the stationary solution vκj = 0 for the L2 -norm.

Proof. Using the Lyapunov discrete function, we calculate the discrete derivative of the Lyapunov
function (14) as follows

L(vκ+1)− L(vκ)

∆t
=
L(vκ+1)− L(vκn)

∆t
+
L(vκn)− L(vκn−1)

∆t
+ · · ·+ L(vκ1 )− L(vκ)

∆t
,

where

L(vκ) =

n∏
i=1

∆xi ·
n∏
i=1

Ji−1∑
ji=1

(
vκj , µj1v

κ
j

)
,

L(vκl ) =

n∏
i=1

∆xi ·
n∏
i=1

Ji−1∑
ji=1

(
(vl)

κ
j , µj1 (vl)

κ
j

)
, l = 1, · · · , n, κ = 0, · · · , N.

Now we prove that this quadratic form is negatively defined. For this, it suffices to show that all
quadratic forms on the right-hand side of the previous equality are negatively defined.

Lemma 3.1. Let the conditions of Theorem 2 be satisfied. Then the quadratic form

L(vκ+1)− L(vκn)

∆t
6 0

is not positively defined.

Lemma 3.2. Let the conditions of Theorem 2 be satisfied. Then, the quadratic form

L(vκn)− L(vκn−1)

∆t
6 0,

is not positively defined.
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Lemma 3.3. Let the conditions of Theorem 2 be satisfied. Then, the following inequality
L(vκ1 )− L(vκ)

∆t
< −ηL(vκ),

holds.

As a result, Lemmas 3.1-3.3 imply the following inequalities:

L(vκ+1)− L(vκn)

∆t
6 0,

L(vκi )− L(vκi−1)

∆t
6 0, i = n− 1, · · · , 2;

L(vκ1 )− L(vκ)

∆t
< −ηL(vκ).

Summing up these inequalities, we have the following for the quadratic form

Lκ+1 − Lκ

∆t
< −ηLκ.

Recursively applying this inequality, we obtain

Lκ+1 < (1−∆tη)κ+1 L0 6 e−η∆t(κ+1)L0 = e−ηtκ+1L0, κ = 0, . . . , N − 1 .

Denote

C1 = min
16i6q

06j16J1−1

{$ij1 : |µj1 −$ij1E| = 0} , C2 = max
16i6q

06j16J1−1

{$ij1 : |µj1 −$ij1E| = 0} .

Then,
C1E 6 µj1 6 C2E, j1 = 0, . . . , J1 − 1.

From this, it follows that
n∏
i=1

∆xi ·
n∏
i=1

Ji−1∑
ji=1

(
vκj ,v

κ
j

)
6 Ce−ηtκ

n∏
i=1

∆xi ·
n∏
i=1

Ji−1∑
ji=1

(
v0
j ,v

0
j

)
, κ = 1, . . . , N ; C = C2/C1.

Thus, the numerical solution vκj of the mixed problem is exponentially stable in the L2 -norm.
Theorem 2 is proved.

4 Conclusions

In conclusion, we note that the stability of a difference splitting scheme was studied in the
work for the numerical calculation of stable solutions of the mixed dissipative boundary value
problem for n -dimensional linear hyperbolic system with variable coefficients. A discrete ana-
logue of the Lyapunov function is constructed for the numerical value of stable solutions of the
mixed dissipative boundary value problem for a n-dimensional linear hyperbolic system with
variable coefficients. A priori estimate is obtained for the discrete analogue of the Lyapunov func-
tion. The obtained prior estimate allows us to assert the exponential stability of the numerical
solution. Theorems on the exponential stability of the solution for both the differential problem
and the difference splitting scheme for nonlinear hyperbolic systems in the corresponding norms
are proved. Consequently, this gives us the opportunity to prove the convergence of a stable nu-
merical solution to a stable solution of a differential problem.
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